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ཁ໿ɿຊߘͰ͸ɼਖ਼ํܗͷંΓࢴʹؔ͢Δఆཧͱͯ͠஌ΒΕΔʮ๕լఆཧʯΛɼਖ਼ 2n ܗ֯
ʢn ∈ N, n ≥ 2ʣͷ৔߹΁֦ு͠ɼॳ౳زԿֶʹΑΔΞϓϩʔνͰূ໌͢Δɽ·ͨɺʮ๕լୈ
2 ఆཧʯʹ͸ 2 छྨͷંΓํ͕ଘ͢ࡏΔ͜ͱΛࣔ͠ɼҰํΛʮ๕լୈ 2 ఆཧ Iʯɼ΋͏ҰํΛ
ʮ๕լୈ 2 ఆཧ IIʯͱ໋໊͢Δ͜ͱΛఏҊ͢Δɽ

Abstract: In this paper, we extendʠHagaʟs theorem,ʡknown as a theorem concerning
square origami, to the case of regular 2n -gons (n ∈ N, n ≥ 2) and present a proof based
on elementary geometry. We also show thatʠHagaʟs second theoremʡ has two distinct
folding methods, and propose naming one ʠHaga Second Theorem Iʡ and the other
ʠHaga Second Theorem II.ʡ
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1 ͸͡Ίʹ

ΦϦΨϛΫεʢOrigamicsʣ͸๕լ࿨෉ࢯʹΑͬͯఏএ͞Εͨ֓೦Ͱ͋ΓɼંΓฦ͠ૢ࡞ʹ
ΑΔ࡞ਤՄೳੑ΍زԿֶతੑ࣭Λ୳͢ڀΔ෼໺ͱͯ͠ൃల͖ͯͨ͠ɽͦͷதͰ๕լఆཧ͸ɼಉ
਺ֶʹ͓͚Δ୅දతͳҰ࿈ͷఆཧͰ͋ΓɼୈࢴΑͬͯൃҊ͞ΕͨંΓʹࢯ 1 ఆཧɼୈ 2 ఆཧɼ
ୈ 3 ఆཧͷ 3 छྨ͔Βߏ੒͞ΕΔɽҎԼʹͦΕΒΛࣔ͢ʢఆཧ 1.1,ఆཧ 1.2,ఆཧ 1.3, ਤ 1ʣɽ

ఆཧ 1.1 (๕լୈ 1ఆཧ). ਖ਼ํܗ ABCD ͷંΓ͕͋ࢴΓɼล AD ͷத఺Λ M ͱ͢Δɽ఺
B Λ఺ M ʹॏͶΔΑ͏ʹંΓઢ f ͰંΓɼ͜ͷͱ͖఺ C ͕ંΓฦ͞Εͨ఺Λ C ′ ͱ͢Δɽ
௚ઢ CD ͱ௚ઢ MC ′ ͷަ఺Λ Y ͱ͢ΔͱɼY ͸ ઢ෼ DC Λ 2 : 1 ʹ಺෼͢Δɽ
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ఆཧ 1.2 (๕լୈ 2ఆཧ). ਖ਼ํܗ ABCD ͷંΓ͕͋ࢴΓɼล AD ͷத఺Λ M ͱ͢Δɽ఺
M ͱ఺ B Λ௨Δ௚ઢͰંΓɼ͜ͷͱ͖఺ A ͕ંΓฦ͞Εͨ఺Λ A′ ͱ͢Δɽ࣍ʹɼ఺ C Λ
఺ A′ ʹॏͶΔΑ͏ʹંΓઢ f ͰંΓɼંΓઢ f ͱ௚ઢ CD ͷަ఺Λ Y ͱ͢Δɽ͜ͷͱ͖
఺ Y ͸ઢ෼ DC Λ 2 : 1 ʹ಺෼͢Δɽ

ఆཧ 1.3 (๕լୈ 3ఆཧ). ਖ਼ํܗ ABCD ͷંΓ͕͋ࢴΓɼล AD ͷத఺Λ M ͱ͢Δɽ఺
M ͕௚ઢ AB ্ʹ৐Δͱಉ࣌ʹ఺ B ͕௚ઢ CD ্ʹ৐ΔΑ͏ʹંΓઢ f ͰંΓɼ఺ A,B
͕ંΓฦ͞Εͨ఺ΛͦΕͧΕ A′, Y ͱ͢Δɽ͜ͷͱ͖఺ Y ͸ઢ෼ DC Λ 2 : 1 ʹ಺෼͢Δɽ

DY : Y C = 2 : 1

ਤ 1: ఆཧ 1.1ʢࠨʣ, ఆཧ 1.2ʢதԝʣ, ఆཧ 1.3ʢӈʣ

͜ΕΒ͸͍ͣΕ΋ɼਖ਼ํܗͷંΓࢴͷҰลʹରͯ͠த఺Λى఺ͱ͢ΔҟͳΔંΓૢ࡞Λͬߦ
͍ͯΔ͕ɼ͍ͣΕͷૢ࡞΋ҰลΛ 2 : 1 ʹ಺෼͢Δ఺ΛಘΔɽ͜ͷڞ௨ੑ͸ɼંΓࢴΛհͯ͠
ਖ਼ํܗʹ಺͢ࡏΔ਺ཧతߏ଄ͷඒ͠͞Λ୺తʹ͍ࣔͯ͠Δɽ·ͨɼ๕լఆཧ͸ى఺͕த఺ʹ
Βͳ͍৔߹ͷҰൠԽ͕஌ΒΕ͍ͯΔݶ [1]ɽҎԼͷ 3ͭͷఆཧ͕ҰൠԽ͞Εͨ๕լఆཧͰ͋Δ
ʢఆཧ 1.4, ఆཧ 1.5, ఆཧ 1.6, ਤ 2ʣɽ

ఆཧ 1.4 (๕լୈ 1ఆཧ (ҰൠԽ)). ਖ਼ํܗ ABCD ͷંΓ͕͋ࢴΓɼล AD Λ a : b ʹ಺෼
͢Δ఺ X ͕͋Δɽ఺ B Λ఺ X ʹॏͶΔΑ͏ʹંΓઢ f ͰંΓɼ͜ͷͱ͖఺ C ͕ંΓฦ͞
Εͨ఺Λ C ′ ͱ͢Δɽ௚ઢ BC ͱ௚ઢ XC ′ ͷަ఺Λ Y ͱ͢ΔͱɼY ͸ ઢ෼ DC Λ 2a : b
ʹ಺෼͢Δɽ

ఆཧ 1.5 (๕լୈ 2ఆཧ (ҰൠԽ)). ਖ਼ํܗ ABCD ͷંΓ͕͋ࢴΓɼล AD Λ a : b ʹ಺෼
͢Δ఺ X ͕͋Δɽ఺ X ͱ఺ B Λ௨Δ௚ઢͰંΓɼ͜ͷͱ͖఺ A ͕ંΓฦ͞Εͨ఺Λ A′

ͱ͢Δɽ࣍ʹɼ఺ C Λ఺ A′ ʹॏͶΔΑ͏ʹંΓઢ f ͰંΓɼંΓઢ f ͱ௚ઢ CD ͷަ఺
Λ Y ͱ͢Δɽ͜ͷͱ͖఺ Y ͸ઢ෼ DC Λ 2a : b ʹ಺෼͢Δɽ

ఆཧ 1.6 (๕լୈ 3ఆཧ (ҰൠԽ)). ਖ਼ํܗ ABCD ͷંΓ͕͋ࢴΓɼล AD Λ a : b ʹ಺෼
͢Δ఺ X ͕͋Δɽ఺ X ͕௚ઢ AB ্ʹ৐Δͱಉ࣌ʹ఺ B ͕௚ઢ CD ্ʹ৐ΔΑ͏ʹંΓ
ઢ f ͰંΓɼ఺ A,B ͕ંΓฦ͞Εͨ఺ΛͦΕͧΕ A′, Y ͱ͢Δɽ͜ͷͱ͖఺ Y ͸ઢ෼ DC
Λ 2a : b ʹ಺෼͢Δɽ

๕լఆཧ͸ɼંΓ͕ࢴਖ਼ํܗͷ৔߹ʹ͍ͭͯͷΈ੒ཱ͕͞ٴݴΕ͍ͯͨɽΑΓҰൠతͳଟ֯
ͷੑ࣭͕੒Γཱ͔ͭͲ͏͔͸ɼ͜Ε·Ͱ໌Β͔ࣅ΋ྨ͍͓ͯʹܗҎ֎ͷਖ਼ଟ֯ܗɼಛʹਖ਼ํܗ
ʹ͞Ε͍ͯͳ͔ͬͨɽ
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AX : XD = a : b ͷͱ͖ɼ DY : Y C = 2a : b

ਤ 2: ఆཧ 1.4ʢࠨʣ, ఆཧ 1.5ʢதԝʣ, ఆཧ 1.6ʢӈʣ

ຊߘͰ͸ɼ๕լୈ 1 ఆཧɼୈ 2 ఆཧɼୈ 3 ఆཧΛͦΕͧΕਖ਼ 2n ͷ৔ܗ΁֦ு͠ɼਖ਼ํܗ֯
߹ͱಉ༷ͷઢ෼ൺʹ಺෼͢Δ఺͕ಘΒΕΔ͜ͱΛࣔ͢ʢఆཧ 3.4, ఆཧ 3.5, ఆཧ 4.3ɼఆཧ 4.4
ʣɽ·ͨɼୈ 2 ఆཧʹ͍ͭͯ͸ 2 छྨͷંΓํ͕ଘ͢ࡏΔ͜ͱΛࣔ͢ʢఆཧ 4.3, ఆཧ 4.4ʣɽ
ୈ 3 અ͓Αͼୈ 4 અͰޙड़͢ΔΑ͏ʹɼ[1] Ͱࣔ͞Εͨ๕լఆཧʢఆཧ 1.4, ఆཧ 1.5, ఆཧ

1.6ʣ͸ɼຊߘͰਖ਼ 2n ΁֦ுͨ͠๕լఆཧʢఆཧܗ֯ 3.4, ఆཧ 3.5, ఆཧ 4.3, ఆཧ 4.4ʣʹ͓
͚Δ n = 2 ͷಛผͳ৔߹Ͱ͋Δɽ

2 ४උ

ຊઅͰ͸ɼ֦ுͨ͠๕լఆཧͷূ໌ʹઌཱͪɼඞཁͱͳΔ४උΛ͏ߦɽ·ͣɼ[2, 3] ʹ͓͚
ΔఆٛΛߟࢀʹ͠ɼຊߘͰ༻͍Δ༗͓֯޲Αͼ༗޲௕Λఆٛ͢Δɽଓ͍ͯূ໌ʹ͓͍ͯॏཁͳ
ิ୊ʢิ୊ 2.4ʣΛड़΂Δɽͳ͓ɼຊߘͷূ໌Ͱ͸ɼԁप֯ͷੑ࣭͓Αͼਖ਼ 2n ͷରশੑܗ֯
͔Β௚ͪʹै͏ੑ࣭ʢྫ͑͹ล΍ର֯ઢͷฏ܎ؔߦʣΛසൟʹ༻͍Δ͕ɼͦΕΒ͸ಛʹஅΒͣ
ʹ༻͍Δɽ

ఆٛ 2.1. ฏ໘্ʹ൒௚ઢ OA,OB ͕͋Δɽ൒௚ઢ OA Λ O Λத৺ͱͯ͠൓࣌ܭճΓʹ θ
ճస͢Δ͜ͱͰ൒௚ઢ OB ʹॏͳΔͱ͖ɼූ߸෇͖֯౓ʢ༗֯޲ʣΛ θ = !AOB ͱද͢ɽ
·ͨɼͦͷઈର஋Λ ∠AOB = |!AOB| ͱද͢ɽ

ఆٛ 2.2. ฏ໘্ʹ 6 ఺ A,B,C,D,E, F ͕͋Δɽ!ABC − !DEF ͕ 180◦ ͷ੔਺ഒͰ͋
Δͱ͖ɼ

!ABC ≡ !DEF (mod 180◦)

ͱॻ͘ɽ·ͨɼ!ABC − !DEF ͕ 360◦ ͷ੔਺ഒͰ͋Δͱ͖ɼ

!ABC ≡ !DEF (mod 360◦)

ͱॻ͘ɽ

ఆٛ 2.3. 4 ఺ A,B,C,D ͕͋Γɼઢ෼ AB ͱઢ෼ CD ͸ฏߦͰ͋Δ͔ɼ·ͨ͸ 4 ఺
A,B,C,D ͸ڞઢͰ͋Δͱ͢Δɽ఺ A ͔Β఺ B ΁ͷ͖޲ͱɼ఺ C ͔Β఺ D ΁ͷ͕͖޲Ұ

க͢Δͱ͖ɼൺ
AB

CD
͸ਖ਼Ͱ͋Δͱ͠ɼ൓ରͰ͋Δͱ͖ɼൺ

AB

CD
͸ෛͰ͋Δͱ͢Δɽ
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ఆٛΑΓɼڞઢͰ͋Δ 3 ఺ A,B,C ʹ͓͍ͯɼ
AB

BC
=

a

b
ͷͱ͖ɼ

a

b
͕ਖ਼ͳΒ͹఺ B ͸ઢ

෼ AC Λ a : b ʹ಺෼͢Δ఺Ͱ͋Γɼ
a

b
͕ෛͳΒ͹఺ B ͸ઢ෼ AC Λ a : b ʹ֎෼͢Δ఺Ͱ

͋Δɽ

ิ୊ 2.4. ਖ਼ 2n ܗ֯ A1A2...A2n ʹ͓͍ͯɼ௚ઢ A1A2n ্ʹ A1X %= A1A2 ͔ͭ X %= A1

ͳΔ఺ X ͕͋Γɼ
A1X

XA2n
=

a

b
Λຬ͍ͨͯ͠Δɽ௚ઢ An+2An+1 ্ʹ͋Γ !XA2Y ≡

!A1A2An+2 (mod 180◦) Λຬͨ͢఺Λ Y ͱ͢Δͱɼ
An+2Y

Y An+1
=

2a

b
͕੒Γཱͭɽʢਤ 3ʣ

ূ໌. ఺ X ͔Β௚ઢ A2A2n ʹ͓Ζͨ͠ਨઢͷ଍Λ Bɼ௚ઢ BX ͱ௚ઢ A1A2 ͷަ఺Λ C
ͱ͢Δɽਖ਼ 2n ܗ֯ A1A2...A2n ʹԁ͕֎઀͢Δ͜ͱʹ஫ҙ͢Δͱ

!CA2B ≡ !A1A2A2n ≡ !An+2A2An+1 (mod 180◦).

ઢ෼ A2An+2 ͸ਖ਼ 2n ܗ֯ A1A2...A2n ͷ֎઀ԁͷ௚ܘͰ͋Δ͔Β

!A2BC ≡ 90◦ ≡ !A2An+1An+2 (mod 180◦).

Αͬͯܗ֯ࡾ CA2B ͱܗ֯ࡾ An+2A2An+1 ͸ A2 Λத৺ͱ͢Δճస૬ࣅͰ͋Δɽ·ͨɼ

!BA2An+1 ≡ !A2nA2An+1 ≡ !A1A2An+2 ≡ !XA2Y (mod 180◦)

Ͱ͋Δ͔Β

!XA2B ≡ !XA2An+1 − !BA2An+1

≡ !XA2An+1 − !XA2Y

≡ !Y A2An+1 (mod 180◦).

͜Εͱɼ
!XBA2 ≡ 90◦ ≡ !A2An+1Y (mod 180◦)

Ͱ͋Δ͜ͱ͔Βɼ ܗ֯ࡾ XA2B ͱܗ֯ࡾ Y A2An+1 ͸ A2 Λத৺ͱ͢Δճస૬ࣅͰ͋Δɽ
͕ͨͬͯ͠ɼઢ෼ CB Λઢ෼ An+2An+1 ʹ͏ͭ͢ճస૬ࣅʹΑͬͯ఺ X ͸఺ Y ʹ͏ͭ͞
ΕΔɽΏ͑ʹ

CX

XB
=

An+2Y

Y An+1

͕ै͏ɽ

௚ઢ A1A2n ্ʹ͋Δ఺ͰɼDC ‖ A2A2n Λຬͨ͢఺Λ D ͱ͢Δɽܗ֯ࡾ A1A2A2n ͸
A1A2 = A1A2n ͷೋ౳ลܗ֯ࡾͰ͋ΓɼDC ‖ A2A2n ΑΓܗ֯ࡾ A1A2A2n ͱܗ֯ࡾ A1CD
͸૬ࣅͰ͋Δ͔ΒɼA1C = A1D Ͱ͋Δɽ͜Εͱܗ֯ࡾ CDX ͸ ∠XCD = 90◦ ͷ௚֯֯ࡾ

Ͱ͋Δ͜ͱ͔Β఺ܗ A1 ͸ઢ෼ DX ͷத఺Ͱ͋Δ͜ͱ͕ै͏ɽΑͬͯ
DX

A1X
= 2 Ͱ͋Δɽ͠

͕ͨͬͯ
An+2Y

Y An+1
=

CX

XB
=

DX

XA2n
=

2A1X

XA2n
=

2a

b
.
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A1X

XA2n
=

a

b
ͷͱ͖ɼ

An+2Y

Y An+1
=

2a

b

ਤ 3: ิ୊ 2.4

3 ๕լୈ 1 ఆཧͱୈ 3 ఆཧͷ֦ு

͜ͷઅͰ͸ɼਖ਼ 2n ுͨ͠๕լୈ֦ʹܗ֯ 1 ఆཧʢఆཧ 3.4ʣ͓Αͼୈ 3 ఆཧʢఆཧ 3.5ʣ
Λड़΂ɼূ໌͢Δɽ

ิ୊ 3.1. AB %= AC ͳΔܗ֯ࡾ ABC ͕͋Γɼઢ෼ BC ͷਨ௚ೋ౳෼ઢΛ l ͱ͢Δɽ∠A
ͷ಺֯ͷೋ౳෼ઢͱ l ͷަ఺Λ Dɼ∠A ͷ֎֯ͷೋ౳෼ઢͱ l ͷަ఺Λ E ͱ͢Δɽ͜ͷͱ
͖ɼ5 ఺ A,B,C,D,E ͸ڞԁͰ͋Δɽʢਤ 4ʣ

ਤ 4: ิ୊ 3.1

ূ໌. ௚ઢ l ͱԁ ABC ͷަ఺ͷ͏ͪɼ௚ઢ BC ʹؔͯ͠఺ A ͱ൓ରଆʹ͋Δ఺Λ D′ɼ఺
A ͱಉ͡ଆʹ͋Δ఺Λ E′ ͱ͢Δɽ
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఺ D′ ͕ ∠A ͷ಺֯ͷೋ౳෼ઢ্ʹ͋Δ͜ͱΛࣔ͢ɽ఺ D′ ͸ઢ෼ BC ͷਨ௚ೋ౳෼ઢ্
ʹ͋Δ͔ΒɼBD′ = CD′ Ͱ͋ΔɽΏ͑ʹ ∠D′BC = ∠BCD′ ΛಘΔɽΑͬͯ

∠BAD′ = ∠BCD′ = ∠D′BC = ∠D′AC.

͕ͨͬͯ͠఺ D′ ͕ ∠A ͷ಺֯ͷೋ౳෼ઢ্ʹ͋Δ͜ͱ͕ࣔ͞ΕͨɽΏ͑ʹɼD′ = D Ͱ
͋Δɽ
఺ E′ ͕ ∠A ͷ֎֯ͷೋ౳෼ઢ্ʹ͋Δ͜ͱΛࣔ͢ɽઢ෼ D′E′ ͸ԁ ABC ͷ௚ܘͰ͋Δ
͔Βɼ∠E′AD′ = 90◦ Ͱ͋Δɽ
AB < AC ͷͱ͖

∠E′AC = ∠E′AD′ − ∠CAD′ = 90◦ − 1

2
∠A.

AB > AC ͷͱ͖

∠E′AB = ∠EAD′ − ∠BAD′ = 90◦ − 1

2
∠A.

͕ͨͬͯ͠఺ E′ ͸ ∠A ͷ֎֯ͷೋ౳෼ઢ্ʹ͋ΔɽΏ͑ʹɼE′ = E Ͱ͋Δɽ
఺ D′ ͱ఺ E′ ͷఆٛΑΓɼ5 ఺ A,B,C,D′, E′ ͸ڞԁͰ͋Δɽ͕ͨͬͯ͠ɼ5 ఺

A,B,C,D,E ͸ڞԁͰ͋Δɽ

ิ୊ 3.2. ਖ਼ 2n ܗ֯ A1A2...A2n ʹ͓͍ͯɼ௚ઢ A1A2n ্ʹ A1X %= A1A2 ͔ͭ X %= A1

ͳΔ఺ X ͕͋Γɼ
A1X

XA2n
=

a

b
Λຬ͍ͨͯ͠Δɽઢ෼ A2X ͷਨ௚ೋ౳෼ઢΛ l ͱ͠ɼ௚ઢ

l ʹؔͯ͠఺ AnɼAn+1 ͱରশͳ఺ΛͦΕͧΕ A′
n, A

′
n+1 ͱ͢Δɽ௚ઢ An+1An+2 ͱ௚ઢ

A′
nA

′
n+1 ͷަ఺Λ Y ͱ͢Δͱ͖

(a)
An+2Y

Y An+1
=

2a

b

(b)
A′

nY

Y A′
n+1

=
2a2 + 2ab+ b2

ab

͕੒Γཱͭɽʢਤ 5ʣ

ূ໌. ௚ઢ lʹؔͯ͠ Y ͱରশͳ఺Λ Y ′ ͱ͠ɼlͱ௚ઢ A1A2, A1An+1, An+2An+1 ͱͷަ఺
ΛͦΕͧΕ B,C,D ͱ͢Δɽ఺ Y ͸௚ઢ A′

nA
′
n+1 ্ʹ͋Δ͔Βɼ఺ Y ′ ͸௚ઢ AnAn+1 ্ʹ

͋ΔɽA2B ‖ Y D Ͱ͋Δ͔ΒɼXB ‖ Y ′D Ͱ͋Δɽ͜Εͱ BA1 ‖ DAn+1, A1X ‖ An+1Y ′

ΑΓɼ఺ C ͸ܗ֯ࡾ A1XA2 Λ ܗ֯ࡾ An+1Y ′Y ʹ͏ͭ͢૬֦ࣅେͷத৺Ͱ͋Δ͜ͱ͕ै
͏ɽಛʹ 3 ௚ઢ A1An+1, BD,XY ′ ͸఺ C ͰަΘΔɽΏ͑ʹ 3 ఺ X,C, Y ′ ͸ڞઢͰ͋Δɽ
௚ઢ l ʹؔͯ͠ X ͸ A2 ͱɼY ′ ͸ Y ͱ ͦΕͧΕରশͳ఺Ͱ͋ΓɼC ͸ l ্ͷ఺Ͱ͋Δ͔
Βɼ఺ A2, C, Y ͸ڞઢͰ͋Δɽ
͍·ɼA1X %= A1A2 Ͱ͋Γɼ఺ X ͕఺ A1 ʹؔͯ͠఺ A2n ͱಉ͡ଆʹ͋Δͱ͖௚ઢ A1C
͸ ∠A2A1X ͷ಺֯ͷೋ౳෼ઢͰ͋Γɼ఺ X ͕఺ A1 ʹؔͯ͠఺ A2n ͱಉ͡ଆʹͳ͍ͱ͖
௚ઢ A1C ͸ ∠A2A1X ͷ֎֯ͷೋ౳෼ઢͰ͋Δɽ͍ͣΕͷ৔߹΋ܗ֯ࡾ A1XA2 ʹ͓͍ͯ
ิ୊ 3.1 Λద༻͢Δ͜ͱͰɼ 4 ఺ A1, X,A2, C ԁͰ͋Δ͜ͱ͕ै͏ɽ͕ͨͬͯ͠ڞ͕

!XA2Y ≡ !XA2C ≡ !XA1C ≡ !A2nA1An+1 ≡ !A1A2An+2 (mod 180◦)

͕ಘΒΕɼิ୊ 2.4 ΑΓ (a)͕ै͏ɽ
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௚ઢ CY ′ ͱ௚ઢ A2An ͷަ఺Λ E ͱ͠ɼ௚ઢ A2An ͱ௚ઢ A1A2n ͷަ఺Λ A′
2n ͱ͢

Δɽ͜ͷͱ͖ɼ
A′

2nA1

A1A2n
= 1 Ͱ͋Δɽ

EC

CX
=

A′
2nA1

A1X
=

a+ b

a
,

CX

Y ′C
=

CA1

An+1C
=

A1A2

An+1Y
=

2a+ b

b

͕ै͏͔Βɼ

A′
nY

Y A′
n+1

=
AnY ′

Y ′An+1

=
EY ′

Y ′C

=
EC + CY ′

Y ′C

=
a+ b

a
· CX

Y ′C
− 1

=
a+ b

a
· 2a+ b

b
− 1

=
2a2 + 2ab+ b2

ab

͕ಘΒΕɼ(b)͕ै͏ɽ
Ҏ্ΑΓ୊ҙ͸ࣔ͞Εͨɽ

A1X

XA2n
=

a

b
ͷͱ͖ɼ

An+2Y

Y An+1
=

2a

b

ਤ 5: ิ୊ 3.2

ܥ 3.3. ิ୊ 3.2 ʹ͓͍ͯɼ఺ X ͕ઢ෼ A1A2n Λ಺෼͢Δ఺Ͱ͋Δ͜ͱͱɼ఺ Y ͕ઢ෼
An+1An+2 Λ಺෼͢Δ఺Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δɽ
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ূ໌. ఺ X ͕ઢ෼ A1A2n Λ಺෼͢Δ఺Ͱ͋Δ͜ͱͱ
a

b
͕ਖ਼Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Γɼ఺ Y

͕ઢ෼ An+1An+2 Λ಺෼͢Δ఺Ͱ͋Δ͜ͱͱ
2a

b
͕ਖ਼Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δɽ͍·ɼ

a

b
͕

ਖ਼Ͱ͋Δ͜ͱͱ
2a

b
͕ਖ਼Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ͔Βɼ୊ҙ͸ࣔ͞Εͨɽ

ఆཧ 3.4 (๕լୈ 1 ఆཧʢਖ਼ 2n .(ʣܗ֯ ਖ਼ 2n ܗ֯ A1A2...A2n ͷંΓ͕͋ࢴΓɼઢ෼
A1A2n Λ a : b ʹ಺෼͢Δ఺ X ͕͋Δɽ఺ A2 Λ఺ X ʹॏͶΔΑ͏ʹંΓઢ f ͰંΓɼ͜
ͷͱ͖఺ An, An+1 ͕ંΓฦ͞Εͨ఺ΛͦΕͧΕ A′

n, A
′
n+1 ͱ͢Δɽ௚ઢ An+1An+2 ͱ௚ઢ

A′
nA

′
n+1 ͷަ఺Λ Y ͱ͢Δͱɼ఺ Y ͸։ઢ෼ A′

nA
′
n+1 ্ʹ͋Γɼઢ෼ An+2An+1 Λ 2a : b

ʹ಺෼͢Δɽʢਤ 6ʣ

ূ໌. ંΓઢ f ͸ઢ෼ A2X ͷਨ௚ೋ౳෼ઢͰ͋Δ͔Βɼิ୊ 3.2 ΑΓ
An+2Y

Y An+1
=

2a

b
͕ै

͏ɽ
A1X

XA2n
=

a

b
͸ਖ਼Ͱ͋Δ͔Βɼ

2a

b
͸ਖ਼Ͱ͋Δɽ͕ͨͬͯ͠ɼ఺ Y ͕ઢ෼ An+2An+1 Λ

2a : b ʹ಺෼͢Δ͜ͱ͕ࣔ͞Εͨɽ
఺ Y ͕։ઢ෼ A′

nA
′
n+1 ্ʹ͋Δ͜ͱΛࣔ͢ɽ͜Ε͸ɼab > 0 Ͱ͋Δ͔Βิ୊ 3.2 (b) ΑΓ

A′
nY

Y A′
n+1

=
2a2 + 2ab+ b2

ab
=

a2 + (a+ b)2

ab
> 0

͕ಘΒΕΔ͜ͱ͔Βै͏ɽ
Ҏ্ΑΓɼ୊ҙ͸ࣔ͞Εͨɽ

ఆཧ 3.5 (๕լୈ 3 ఆཧʢਖ਼ 2n .(ʣܗ֯ ਖ਼ 2n ܗ֯ A1A2...A2n ͷંΓ͕͋ࢴΓɼઢ෼
A1A2n Λ a : b ʹ಺෼͢Δ఺ X ͕͋Δɽ఺ X ͕௚ઢ A1A2 ্ʹ৐Δͱಉ࣌ʹ఺ An ͕
௚ઢ An+1An+2 ্ʹ৐ΔΑ͏ʹંΓઢ f ͰંΓɼ఺ A1, A2, An ͕ંΓฦ͞Εͨ఺ΛͦΕ
ͧΕ A′

1, A
′
2, Y ͱ͢ΔɽA′

2 %= A2n ͷͱ͖ɼ఺ X ͸։ઢ෼ A′
1A

′
2 ্ʹ͋Γɼ఺ Y ͸ઢ෼

An+2An+1 Λ 2a : b ʹ಺෼͢Δɽʢਤ 7ʣ

ূ໌. ંΓઢ f ͸ઢ෼ AnY ͷਨ௚ೋ౳෼ઢͰ͋Δɽ఺ X ͸ઢ෼ A1A2n ্ʹ͋Δ͔Βɼਖ਼
2n ܗ֯ An+1An...An+2 ܥ͍͓ͯʹ 3.3 Λద༻͢Δ͜ͱͰɼ఺ Y ͸ઢ෼ An+1An+2 Λ಺෼
͢Δ఺Ͱ͋Δ͜ͱ͕ै͏ɽ
Αͬͯɼਖ਼ 2n ܗ֯ An+1An...An+2 ʹ͓͍ͯఆཧ 3.4 Λద༻͢Δ͜ͱͰɼ

b

a
=

A2nX

XA1
=

2An+1Y

Y An+2

͢ͳΘͪ
An+2Y

Y An+1
=

2a

b

ΛಘΔɽ͕ͨͬͯ͠఺ Y ͸ઢ෼ An+2An+1 Λ 2a : b ʹ಺෼͢Δ͜ͱ͕ࣔ͞Εͨɽ
͍·ɼ఺ Y ͸ઢ෼ An+2An+1 Λ಺෼͢Δ఺Ͱ͋Δ͔Βɼ࠶ͼਖ਼ 2n ܗ֯ An+1An...An+2

ʹ͓͍ͯఆཧ 3.4 Λద༻͢Δ͜ͱͰɼ఺ X ͕։ઢ෼ A′
1A

′
2 ্ʹ͋Δ͜ͱ͕ै͏ɽ

Ҏ্ʹΑΓɼ୊ҙ͸ࣔ͞Εͨɽ
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A1X : XA2n = a : b ͷͱ͖ɼ
An+2Y : Y An+1 = 2a : b

ਤ 6: ఆཧ 3.4

A1X : XA2n = a : b ͷͱ͖ɼ
An+2Y : Y An+1 = 2a : b

ਤ 7: ఆཧ 3.5

ఆཧ 3.4 ʹ͓͍ͯ n = 2 ͷ৔߹Λ͑ߟΔͱɼ͜Ε͸ਖ਼ํܗͷ๕լୈ 1 ఆཧʢఆཧ 1.4ʣʹ
͓͍ͯ఺ A,B,C,D ͕ͦΕͧΕ఺ A1, A2, A3, A4 ʹஔ͖׵Θͬͨ΋ͷͰ͋Δɽ͕ͨͬͯ͠ɼ
ఆཧ 3.4 ͸ఆཧ 1.4 ͷ֦ுͱ͍͏͜ͱ͕Ͱ͖Δɽಉ༷ͷཧ༝ʹΑΓɼఆཧ 3.5 ͸ਖ਼ํܗͷ๕
լୈ 3 ఆཧʢఆཧ 1.6ʣͷ֦ுͱ͍͏͜ͱ͕Ͱ͖Δɽ

4 ๕լୈ 2 ఆཧͷ 2 छྨͷ֦ு

͜ͷઅͰ͸ɼਖ਼ 2n ு֦ͨ͠ʹܗ֯ 2 छྨͷ๕լୈ 2 ఆཧʢఆཧ 4.3, ఆཧ 4.2ʣΛड़΂Δɽ

ิ୊ 4.1. ਖ਼ 2n ܗ֯ A1A2...A2n ʹ͓͍ͯɼ௚ઢ A1A2n ্ʹ A1X %= A1A2 ͔ͭ X %= A1

ͳΔ఺ X ͕͋Γɼ
A1X

XA2n
=

a

b
Λຬ͍ͨͯ͠Δɽ௚ઢ A2X ʹؔͯ͠ A1 ͱରশͳ఺Λ A′

1

ͱ͠ɼઢ෼ A′
1A3 ͷਨ௚ೋ౳෼ઢͱ௚ઢ An+1An+2 ͷަ఺Λ Y ͱ͢Δͱ͖ɼ

An+2Y

Y An+1
=

2a

b
͕੒Γཱͭɽʢਤ 8ʣ

ূ໌.
2!XA2A

′
1 ≡ !A1A2A

′
1, 2!Y A2A3 ≡ !A′

1A2A3 (mod 360◦)

Ͱ͋Δ͔Β

2!XA2Y ≡ 2(!XA2A
′
1 + !A′

1A2Y )

≡ !A1A2A
′
1 + !A′

1A2A3

≡ !A1A2A3

≡ 2!A1A2An+2 (mod 360◦).

͕ͨͬͯ͠ɼ
!XA2Y ≡ !A1A2An+2 (mod 180◦)

͕ै͏ɽΑͬͯิ୊ 2.4 ΑΓ୊ҙ͕ै͏ɽ
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A1X

XA2n
=

a

b
ͷͱ͖ɼ

An+2Y

Y An+1
=

2a

b

ਤ 8: ิ୊ 4.1

ܥ 4.2. ิ୊ 4.1 ʹ͓͍ͯɼ఺ X ͕ A1A2n Λ಺෼͢Δ఺Ͱ͋Δ͜ͱͱɼ఺ Y ͕ઢ෼
An+1An+2 Λ಺෼͢Δ఺Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δɽ

ূ໌. ఺ X ͕ઢ෼ A1A2n Λ಺෼͢Δ఺Ͱ͋Δ͜ͱͱ
a

b
͕ਖ਼Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Γɼ఺ Y

͕ઢ෼ An+1An+2 Λ಺෼͢Δ఺Ͱ͋Δ͜ͱͱ
2a

b
͕ਖ਼Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δɽ͍·ɼ

a

b
͕

ਖ਼Ͱ͋Δ͜ͱͱ
2a

b
͕ਖ਼Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ͔Βɼ୊ҙ͸ࣔ͞Εͨɽ

ఆཧ 4.3 (๕լୈ 2 ఆཧ Iʢਖ਼ 2n .(ʣܗ֯ ਖ਼ 2n ܗ֯ A1A2...A2n ͷંΓ͕͋ࢴΓɼઢ෼
A1A2n Λ a : b ʹ಺෼͢Δ఺ X ͕͋Δɽ఺ X ͱ఺ A2 Λ௨Δ௚ઢͰંΓɼ͜ͷͱ͖఺ A1

͕ંΓฦ͞Εͨ఺Λ A′
1 ͱ͢Δɽ࣍ʹɼ఺ A3 Λ఺ A′

1 ʹॏͶΔΑ͏ʹંΓઢ f ͰંΓɼં
Γઢ f ͱ௚ઢ An+1An+2 ͷަ఺Λ Y ͱ͢Δɽ͜ͷͱ͖ɼ఺ Y ͸ઢ෼ An+2An+1 Λ 2a : b
ʹ಺෼͢Δɽʢਤ 9ʣ

ূ໌. ఺ A′
1 ͸௚ઢ A2X ʹؔͯ͠ A1 ͱରশͳ఺Ͱ͋Γɼ఺ Y ͸ઢ෼ A′

1A3 ͷਨ௚ೋ౳෼
ઢ্ʹ͋ΔɽΑͬͯɼิ୊ 4.1 ΑΓɼ

An+2Y

Y An+1
=

2a

b

ΛಘΔɽ͕ͨͬͯ͠ɼ఺ Y ͕ઢ෼ An+2An+1 Λ 2a : b ʹ಺෼͢Δ͜ͱ͕ࣔ͞Εͨɽ

ఆཧ 4.4 (๕լୈ 2 ఆཧ IIʢਖ਼ 2n .(ʣܗ֯ ਖ਼ 2n ܗ֯ A1A2...A2n ͷંΓ͕͋ࢴΓɼઢ෼
A1A2n Λ a : b ʹ಺෼͢Δ఺ X ͕͋Δɽ఺ X ͱ఺ An Λ௨Δ௚ઢͰંΓɼ͜ ͷͱ͖఺ An−1

͕ંΓฦ͞Εͨ఺Λ A′
n−1 ͱ͢Δɽ࣍ʹɼ఺ An+1 Λ఺ A′

n−1 ʹॏͶΔΑ͏ʹંΓઢ f Ͱં
ΓɼંΓઢ f ͱ௚ઢ An+1An+2 ͷަ఺Λ Y ͱ͢Δɽ͜ͷͱ͖ɼ఺ Y ͸ઢ෼ An+2An+1 Λ
2a : b ʹ಺෼͢Δɽʢਤ 10ʣ

ূ໌. ఺ A′
n−1 ͸௚ઢ Y An ʹؔͯ͠ An+1 ͱରশͳ఺Ͱ͋Γɼ X ͸ઢ෼ An−1A′

n−1 ͷਨ
௚ೋ౳෼ઢ্ʹ͋Δ͔Βɼਖ਼ 2n ܗ֯ An+1An...An+2 ܥ͍͓ͯʹ 4.2 Λద༻͢Δ͜ͱͰɼ఺
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Y ͸ઢ෼ An+1An+2 Λ಺෼͢Δ఺Ͱ͋Δ͜ͱ͕ै͏ɽΑͬͯɼਖ਼ 2n ܗ֯ An+1An...An+2

ʹ͓͍ͯఆཧ 4.3 Λద༻͢Δ͜ͱͰɼ

b

a
=

A2nX

XA1
=

2An+1Y

Y An+2

͢ͳΘͪ
An+2Y

Y An+1
=

2a

b

ΛಘΔɽ͕ͨͬͯ͠ɼ఺ Y ͕ઢ෼ An+2An+1 Λ 2a : b ʹ಺෼͢Δ͜ͱ͕ࣔ͞Εͨɽ

A1X : XA2n = a : b ͷͱ͖ɼ
An+2Y : Y An+1 = 2a : b

ਤ 9: ఆཧ 4.3

A1X : XA2n = a : b ͷͱ͖ɼ
An+2Y : Y An+1 = 2a : b

ਤ 10: ఆཧ 4.4

ఆཧ 4.3 ͱఆཧ 4.4 ͦΕͧΕʹ͓͍ͯɼn = 2 ͷ৔߹Λ͑ߟΔͱɼͲͪΒ΋ਖ਼ํܗͷ๕լ
ୈ 2 ఆཧʢఆཧ 1.5ʣʹ͓͍ͯ఺ A,B,C,D ͕ͦΕͧΕ఺ A1, A2, A3, A4 ʹஔ͖׵Θͬͨ΋
ͷͰ͋Δɽ͕ͨͬͯ͠ɼఆཧ 4.3 ͱఆཧ 4.4 ͸ͲͪΒ΋ఆཧ 1.5 ͷ֦ுͱ͍͏͜ͱ͕Ͱ͖Δɽ
ຊߘͰ͸ɼఆཧ 4.3 ͱఆཧ 4.4 Λ۠ผ͢ΔͨΊʹɼલऀΛʮ๕լୈ 2ఆཧ IʯɼऀޙΛʮ๕լ
ୈ 2 ఆཧ IIʯͱ໊෇͚Δ͜ͱʹͨ͠ɽ

5 ·ͱΊ

ຊߘͰ͸ɼਖ਼ํܗͷંΓࢴʹؔ͢Δఆཧͱͯ͠஌ΒΕ͍ͯΔ๕լఆཧʹ͍ͭͯɼਖ਼ 2n ܗ֯
ʢn ≥ 2ʣͷ৔߹΁ͷ֦ுΛ͍ߦɼॳ౳زԿʹํͮ͘ج๏ʹΑͬͯͦͷ੒ཱΛࣔͨ͠ɽ۩ମతʹ
͸ɼ๕լୈ 1ఆཧɼୈ 2ఆཧɼୈ 3ఆཧΛͦΕͧΕਖ਼ 2n ߹ͷ৔ܗͷ৔߹ʹ֦ு͠ɼਖ਼ํܗ֯
ͱಉ༷ʹลΛ಺෼͢Δൺ͕ಘΒΕΔ͜ͱΛ໌Β͔ʹͨ͠ɽ
·ͨɼ๕լୈ 2ఆཧʹ͸͍ޓʹҟͳΔ 2௨ΓͷંΓํ͕ଘ͢ࡏΔ͜ͱΛࣔ͠ɼҰํΛʮ๕լ
ୈ 2 ఆཧ Iʯɼ΋͏ҰํΛʮ๕լୈ 2 ఆཧ IIʯͱ໋໊͢Δ͜ͱΛఏҊͨ͠ɽ͞Βʹɼจݙ [1] ʹ
͓͍ͯࣔ͞Ε͍ͯΔ๕լఆཧ͸ɼຊߘͰಘΒΕͨਖ਼ 2n ΁ͷ֦ுʹ͓͚Δܗ֯ n = 2 ͷ৔߹
ʹରԠ͢Δ͜ͱΛ໌Β͔ʹ͠ɼطଘͷ݁ՌΛΑΓҰൠతͳ࿮૊ΈͷதʹҐஔ͚ͮͨɽ
ͷ՝୊ͱͯ͠͸ɼਖ਼ޙࠓ 2n ͷࣅྨͮ͘جʹ࡞΁ͷ֦ு΍ɼҟͳΔંΓૢܗҎ֎ͷଟ֯ܗ֯
ੑ࣭ͷ୳ڀͳͲ͕͛ڍΒΕΔɽ
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ँࣙ

ຊߘͷ࡞੒ʹ͋ͨΓɼ௕Ԭߍߴͷԕࢁ੎౎ࢠઌੜฒͼʹཱڮ੣࢘ઌੜʹਂ͘ँײਃ্͛͠·
͢ɽ͓ೋਓʹ͸ɼ૲ߘΛ͝ਫ਼ಡ͍͖ͨͩɼ಺༰͓Αͼදݱʹؔͯ͠ଟ͘ͷوॏͳ͝ॿݴΛࣀΓ
·ͨ͠ɽઌੜํͷ͝ࢦಋʹΑΓɼຊߘΛΑΓྑ͍ܗʹ·ͱΊΔ͜ͱ͕Ͱ͖·ͨ͠ɽ͜͜ʹް͘
ਃ্͛͠·͢ɽྱޚ
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